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A thermodynamic description of liquid flows in capillaries with hydrodynamic slip at
the solid-liquid interface is given. Slip over the capillary wall brings into play surface
interactions and therefore involves interfacial energy and entropy. Energy and entropy
balance equations are written so as to take into account surface effects. The two rela-
tions constitute a general mathematical model that allows readily analyzing various
situations and to explore the behavior of such thermodynamic process. The main result
derived concerns the existence of a capillary pressure of slip, slip occurrence leads to
a pressure decrease in the flow and might cause cavitation. The variation in magnitude
of the slip effect, viewed as a thermodynamic transformation, may take place irreversi-
bly. Slip irreversibility and the probable occurrence of a two-phase flow regime are
possible factors that may cause additional pressure drop. © 2010 American Institute of
Chemical Engineers AIChE J, 57: 2251-2263, 2011
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Introduction

Pressure-driven flow in confined spaces of micrometric
and nanometric sizes is the subject of interests in many engi-
neering areas (e.g., microtechnology/nanotechnology, ultrafil-
tration/nanofiltration, water, and crude oil transport in soils
and porous rocks). The possible occurrence of hydrodynamic
slip at the solid—liquid interface renders the problem much
more complex and invalidates usual prediction methods
based on the classical assumption of zero velocity at the
solid-liquid interface. The slip phenomenon is at present an
area of intense fundamental research covering experimental,
modeling, and dynamic molecular simulation aspects. From
the practical point of view, the advantage sought is mainly
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porous media, surface phenomena,

to make certain processes more efficient thanks to friction
reduction.”? This aspect is of prime importance when con-
sidering for example thermodynamic machines based on sur-
face energy.’ The prediction of slip and the related quantita-
tive aspects is still a difficult and unresolved problem; more-
over, the mechanisms that control it and the physical
phenomena involved are not well understood. Experimental
works suffer from a certain inadequacy of the theoretical ba-
sis generally considered and the results published show im-
portant discrepancies.*®

The pressure drop method is an experimental technique
used to investigate hydrodynamic slip; the method is indirect
and consists in measuring flow rate and pressure drop of a
liquid flowing through a capillary, data from which slip mag-
nitude is inferred. The capillary is generally of rectangular
or circular cross section.””'® Figure 1 represents the aspect
of the velocity profile in a circular capillary with slip condi-
tion at the solid-liquid interface. In such situation, the fluid
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Figure 1. Laminar flow with non-zero velocity at the
boundary.

does not stick to the capillary wall as classically assumed at
macroscale but slips over the solid with a finite speed V.
The slip is classically characterized by the slip length /g
defined from the relation,

dv, Vs

=—— 1

dr I M
R

where V, is the velocity as a function of radius . Evidence of
slip was also shown by an alternative method in which a thin
layer of liquid is squeezed between two solid surfaces, one at
least being curved.'*'® Tretheway and Meinhart'® performed
direct measurement of velocity profile and slip velocity near
the wall inside a microchannel using micron-resolution
particle image velocimetry. Slip lengths reported using
different experimental methods range from a few tens of
nanometers to a few micrometers. Recent experiments'’'®
performed through carbon nanotube membranes result in /g
values as large as 1.4 um. In such situation, the velocity
distribution is practically uniform, and the process shows
nearly a slug flow behavior. Although a reduction in pressure
drop is a priori achievable in the presence of hydrodynamic
slip, a number of experimental investigations performed with
liquids showed an opposite behavior, namely, an increase in
pressure drop was observed.”® This unexplained effect arises
more noticeably in small size capillaries. Similar unexpected
situations were reported by Hasegawa et al.' who considered
small orifices in place of capillaries.

In this article, a phenomenological thermodynamic
approach is considered to study certain consequences of slip
occurrence in capillary flows. We show how slip brings into
play surface effects, then we apply the first and the second
law of thermodynamics so as to include surface energy and
entropy. Using a thermodynamic approach, we first analyze
reversible situations to highlight some new aspects. Then ir-
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Figure 2. Fluid structure in the vicinity of the capillary
wall.
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Figure 3. Steady-state slip flow in a capillary.

reversible flows including friction are treated and the corre-
sponding irreversible pressure drop analyzed.

Slip and Induced Surface Effects

To understand causes and mechanisms of slip, the physical
situation prevailing at the boundary has been and remains a
subject of controversial discussions. Figure 2 summarizes the
hypotheses generally advocated™**?; in Figure 2a, the slip
occurs directly between the liquid and the solid surface and
is termed molecular or intrinsic slip. According to certain
theoretical analyses, this model fails to explain the strong
slip lengths22 measured in certain experimental works. In
Figure 2b, a depletion zone exists between bulk liquid and
solid surface; in this layer, the fluid shows important changes
in physical properties as compared with those of the bulk. In
Figure 2c, a gap is formed between the wall and the liquid
by vapor or dissolved gases. From the point of view interest-
ing this work, the situations described above show a certain
similarity: The boundary can be considered as a surface
(possibly of finite thickness) separating the bulk liquid from
the solid, moving with a finite speed V and characterized by
a finite value of surface tension g;,.

To point out how surface phenomena may be involved in
the presence of hydrodynamic slip in a simple way, one may
analyze the process at the molecular scale. Let us reason by
considering the intrinsic slip case. In the absence of slip,
molecules in contact with the inner surface of the capillary
are immobile and this layer sticking to the tube wall pre-
vents other molecules from coming into contact with the
tube. The molecules moving in the bulk liquid remain all the
time surrounded by other liquid molecules. When the flow
gives rise to slip, molecules at the boundary become mobile
which renders a possible transfer between the interface and
the bulk. At a given cross section of the capillary and for a
fixed time interval, the number of molecules in contact with
the solid and slipping over it depends on the perimeter and
the slip velocity. Variation of one of these two parameters
during the flow will modify the number of molecules present
at the boundary and cause a transfer between the boundary
and the liquid. This transfer constitutes a change in the ther-
modynamic state and demonstrates that the process involves
surface phenomena. This is illustrated in Figure 3, where the
spheres symbolize molecules, the number of which is the
same in the four situations Figures 3a—d, to represent a
steady regime. Figure 3a corresponds to the no-slip regime
for which the number of slipping molecules at the boundary
is zero. In Figure 3b, the slip occurs, and a finite number of
molecules is transferred from the liquid volume to the
boundary; the velocity profile is less curved. In Figure 3c,
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the slip velocity is equal to that of Figure 3b but the reduc-
tion in capillary diameter (and perimeter) forces some mole-
cules to return back to the bulk liquid. In Figure 3d, an
increase in slip velocity favors again a transfer from the lig-
uid to the solid-liquid interface.

Quantitatively, for a time interval dt the fluid at the
boundary slips along a distance dx = Vdt and over a surface
dA = P,dx where P, is the local perimeter at the capillary
section considered. The corresponding mass of liquid flowing
is dm = pA.Vdt where p is the liquid density, A. the local
cross-sectional area, and V the mean flow velocity. Per unit
mass, the peripheral surface “swept” which we shall call the

specific area of slip is a = dA /dm = 5 ;;'DV‘;, thus for a circular
capillary of radius R,
2 .
a= p_RW [m? kg 1] (2)

For noncircular capillaries, the hydraulic radius R;; = 2A./P,,
is to be considered. In the following, we shall consider circular
capillaries, relations specific to rectangular channels are
summarized in Appendix C. The ratio w = VJ/V is a
nondimensional quantity convenient to characterize the slip
rate; for the non-slip condition, we have w = 0 and for
maximum slip, w = 1. The quantity w may be expressed as a
function of the slip length /; and the capillary radius if the
velocity profile is known (see Appendix A, Eq. A7 for laminar
flow). The quantity a defined by Eq. 2 may be expressed as a
function of the volume flow rate v = VaR?,

a= 2RV @)
o v

Physically, the quantities (R,w) in Eq. 2 and (V,R, V) in Eq. 2/
are not independent. The knowledge of the mathematical
expressions relating them and possibly to other physical
properties of the liquid and the interface is an important issue
as it allows predicting quantitatively the slip. Unfortunately,
this problem is not yet resolved, although in this perspective
molecular dynamics simulation is intensively used as an
investigation t00l.2* 2% As stated in the introduction, we are
concerned with the analysis of the consequences of hydro-
dynamic slip assuming that the conditions of its occurrence are
fulfilled, and in the absence of a predictive model, the
parameter w is regarded as an independent parameter.

In the light of the mechanism described above, it appears
that the knowledge of the surface tension at the interface
between the bulk liquid and the capillary wall o), is of prime
importance to develop a thermodynamic description of a slip
flow. According to the models of Figure 2, in the presence
of a gas gap, we can reasonably assume ¢, = a,,; for intrin-
sic slip, one may assume o, =~ o although there is no proof
that a solid—liquid interface with wall slip is equivalent to a
static solid-liquid interface with the same value of interfacial
tension. The case of intrinsic slip shows peculiar feature in
so far as it leads to a continuous change of the area of the
solid-liquid interface. This process is equivalent to a pseudo
elastic extension/contraction of the (sl) interface, an experi-
ment which is impossible to perform in a batch process
because of the solid rigidity. For this reason, it cannot be
identified with one of the known situations described in text-
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books on surface phenomena, namely wetting, adhesion, and
spreading processes.”*" Slip with gas gap is simply an elas-
tic extension/contraction of the (Iv) surface as classily expe-
rienced but performed here in a continuous manner. What
may be pointed out is that hydrodynamic slip may offer an
opportunity to bring into play surface phenomena in continu-
ous steady state processes and to take advantage of the asso-
ciated energy. This is conceivable providing the slip results
at the same time in a substantial reduction in friction losses
compared with nonslip Poiseuille flow.

Surface Energy and Surface Entropy

The internal energy and entropy per unit area associated
to a surface or an interface separating two phases are given
by, 313

00 . S 00
Oy ok —
aT or

g« 1s the surface tension, and subscript (**) designates the
surface type (sl), (Iv), or (sv). The free energy is tsx — T =
g++ which means that ¢ is the thermodynamic work involved
to create isothermally one square meter of interface. Surface
tensions are interrelated by Young equation, o = g5, — 0,
cos(), where 0 is the contact angle of the solid-liquid couple
considered. Liquids in contact with clean high-energy surfaces
like hard inorganic solids (e.g., metals, glass, silicon...) will
spread®® and show small and even zero value contact angle 0.
For usual liquids, 7, is lower than 80 X 10737 mfz, whereas
for high-energy solids oy, exceeds 1J m~2; in this situation g
> o,,. Low-energy surfaces are represented by solid organic
compounds, in this case ay,, g, and gy are of the same order
of magnitude and the contact angle has a finite positive value.
A high-energy surface may be treated to decrease its surface
energy and thus lower its wettability by depositing a thin layer
of an appropriate organic compound.

From the experimental point of view only ¢, and 0 are
directly measurable. An important aspect concerns the prob-
lem of calculating oy and oy, from experimental values of
g, and 0. Mathematically, a second relation involving oy
and oy, is needed in addition to Young’s equation. This theo-
retical problem is not yet completely resolved. Specifically
for low-energy surfaces,” a semi-empirical relation was pro-
posed.’*?” Table 1 gives surface properties of some solid—
liquid systems (the solids are of low-energy type); the values
of g, 0, and the derivatives 0a,,/0T, 00/0T are from experi-
mental measurements, the other quantities relative to (sv)
and (sl) surfaces are inferred according to Neumann’s
method.*

Energy and Entropy Balance

As we are concerned with slip flows in capillaries, it is of
importance to define the overall enthalpy /, of the liquid so
as to incorporate surface effects. This question will be con-
sidered in a more general form than was done in a previous
Work,38 the validity of which was restricted to total intrinsic
slip (w = 1) with the approximation ¢y ~ —a;, cos 0 (low-
energy surface with a high-surface tension liquid). The over-
all enthalpy h, in presence of hydrodynamic slip is the sum
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Table 1. Surface Properties of Some Solid/Liquid Systems at 293.15 K (20°C) considered by Neumann>®

e

P
Ty 0 Oy

28 20" doy, doy

Solid/Liquid System Ty i o o Vi
Siliconed glass/water 72.8 1.870 18.3 39.83 —0.16 +85 x 107 —0.126 —0.141
Siliconed glass/decane 23.9 0.248 23.2 0.03 —0.092 —25.5 x 107* —0.084 0.005
Cholesteryl acetate/water 72.8 1.804 21.0 37.87 —0.16 —21x107* —0.085 —0.130

Units are mJ m’z, mJ m~? K~', Rad, and Rad K",
“*” designates experimental value.

of the usual bulk liquid enthalpy /#; = u; + Pv; and the local
interfacial energy given by the product u,a,

hg = h; + upa )
likewise the overall entropy is,
S = 81 + spa ©)

u,, and s, are given by Eq. 3 in units of Jm 2 and Jm 2K ',
respectively, so that the products wu,a and s,a have the
dimensions of J kg~ ' and J kg ' K™, respectively. From Egs.
4 and 5, one may note that the quantity a constitutes a
thermodynamic coordinate that determines, with temperature,
pressure, and specific volume, the thermodynamic state of a
liquid undergoing a slip flow. Thus, processes involving
variations of the quantity a constitute in fact thermodynamic
transformations. For a steady state flow, the general form of
energy balance equation written for a given control volume is,

O+ W+ r(hy +ec +e) =0 (6)
Q is the rate of heat transfer, W is the mechanical energy
transfer, e. and e, are specific kinetic and potential energies
related to the flow stream 7. The entropy balance equation is,

%+stg+é=0 )
where ¢ the entropy production rate which is zero for a
reversible process, and the summation applies algebraically to
inlet and outlet flows of the control volume. Actual processes
may be brought close to reversibility in principle when they
are performed at sufficiently slow rates, this also requires in
general an appropriate design of the system in which the
process takes place. The application of the first and the second
law of thermodynamics to various situations involving surface
phenomena was previously considered in a general paper,39
this study is another contribution leaning on the ideas
presented in that work.

Figure 4 sketches the system, in two forms that corre-
spond to the problem interesting this study. The capillary
may be one or many placed in parallel as encountered with
membranes. No work is involved in such problem, only heat
may be transferred from or to the system. In general case
than represented in Figure 4, potential energy variation may
be significant. Per unit mass of liquid, Eqs. 6 and 7 simplify
to the forms,

1 1
Q+(hg+§‘/2+gz> _(hg+§V2+gZ> =0 @
1 2
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Q+Sglfsg2+820

T €))

where the subscripts 1 and 2 refer to the inlet and outlet of the
section considered.

Reversible and Isothermal Flow

The flow is performed at constant temperature 7 and
assumed free from friction, an idealized situation analogous
to the one considered when establishing the Bernoulli equa-
tion, and introduced here to focus attention upon some pecu-
liar features concerning slip. Eliminating Q from Eqgs. 8 and
9 and substituting /s, and s, by their expressions (Egs. 4 and
5) and letting ¢ = 0,

Ahy — TAs; — Alagy) + 1/2AV? + gAz=0  (10)

for the liquid dh; — Tds; = vidP, assuming the liquid of
constant density p = 1/vy, the integration gives Ah; — TAs; =
AP/p; Eq. 10 may be written,

P

1 2
7+7V2+gz+—wab:cste (11)
p 2 PR

Equation 11 may be considered as an extended form of the
classical Bernoulli equation that takes into account the surface
energy. Considering the pressure variation, this relation may
be rewritten:

1 — 2
_-. — !
Figure 4. Pressure driven flow through a capillary or

capillaries in parallel.
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Table 2. Capillary Pressure of Slip and Heat Transferred for Isothermal Flow at 293.15 K (20°C) Calculated According to
Eqs. 14 and 16

Slip over a Gas Gap

Intrinsic Slip

Capillary Radius - 9b = O ] - Ib = O 1

Solid/Liquid System R (um) ) Cukegh 4P (Pa) 2ake™
Siliconed glass/water 5 -0.3 x 10° 18.8 -0.2 x 10° 16.5
0.5 —2.9 x 10° 187.8 —1.6 x 10° 165.5

0.005 —291.0 x 10° 18,780.4 —159.0 x 10° 16,550.2

Siliconed glass/decane 5 —0.1 x 10° 14.9 0.0 x 10° —0.8
0.5 —1.0 x 10° 149.0 0.0 x 10° -8.1

0.005 —96.0 x 10° 14,900.4 0.0 x 10° —809.8

Cholesteryl acetate/water 5 —0.3 x 10° 18.8 —0.1 x 10° 15.3
0.5 —2.9 x 10° 187.8 —1.5 x 10° 152.6

0.005 —291.0 x 10° 18,780.4 —151.0 x 10° 15,259.1

A dimensional parameter w is the slip rate (0 < w < 1).

P 5 w
AP = — 5 AVZ — pgAz — 2A (ab —) = APy + AP, + AP,
(12)

where AP = P, — P;. Equation 12 shows that slip occurrence
causes a supplementary pressure variation AP, in addition to
those related to velocity and elevation changes APy and AP,
respectively. If the nature of the interface is the same at both
states 1 and 2, that is, o,; = oy, = 05, then:

Wy Wi

AP, = 2(R2 Rl)ab(T) (13)
AP, is a new form of capillary pressure related to
hydrodynamic slip. It is different from the known capillary
pressure of wetting given by the Washburn-Laplace equation
AP = 20,,cos0A(1/R). The latter concerns situations where a
“dry” surface of a solid is to be wetted by a liquid and occurs
even at static state. Capillary pressure of slip Eq. 13 is related
to liquid displacement and vanishes when the flow is stopped.
Pressure variations caused by slip, taken alone, in the flow
represented in Figure 3 can now be discussed using Eq. 13 (for
convenience w/R may be replaced by nRV/v); one could check
thatP33>P3b<P3C>P3d.

Forced passage of a liquid from a large tube into a capil-
lary corresponds to a situation where R; > R, and consists
of a transition from no-slip to slip state, that is w; = 0 and
wy # 0. Letting w = w, and R = R;, Eq. 13 reduces to,

AP, = — 2—Wab(T) (14)
R

a negative quantity, showing that slip development in the
capillary causes a decrease in pressure. This is consistent with
the fact that to create more interface, namely to increase the
quantity «, involves an expense of a certain amount of
thermodynamic work given here by the work of pressure
forces. The process involves heat O, which may be calculated

from entropy balance Eq. 9,
0
op ( Wi wi ) (15)

oar paR2 - PRy

Q = T(S]z — S11) - 2T

The term T(sp — s;;) is the heat associated to the liquid
compressibility (which vanishes if the fluid is assumed
incompressible), the remaining term is the heat associated to
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surface interactions involved by slip. If R; > R, (or w; = 0),
and assuming incompressibility:

Q0=-2———2 (16)

This relation shows that the process is endothermal if 0g,/0T
< 0; this is systematically true in the case of a (Iv) surface of a
pure liquid (g, = 7;,); but no general rule may be given in the
case of a (sl) interface (o, = g). Table 2 gives numerical
values of AP, and Q associated to slip flows according to Eqs.
14 and 16, slip rate w is left as a parameter. The values are
calculated for three capillary sizes in a zone where surface
effects are significant. The minimum value of R is 5 X 107 m,
under this limit surface tension values are significantly
affected.’"** Pressure decrease due to slip may be dramatically
high for small size capillaries, and this is true as long as slip is
significant, thus for w not too small. Heat values show that the
process is endothermal except for intrinsic slip with siliconed
glass/decane system. This pair shows a positive sign of 0a/0T
explaining this behavior. Heat exchange per kg of liquid is
generally small but becomes noticeable in very thin capillaries.
The most elevated heat value is 18.78 x 10° J kg~ ' with water
in 5 x 107° m radius capillary (for a perfect slip, w = 1). Slip
effects may be much more elevated if intrinsic slip over high-
energy surfaces is considered. As explained in a previous
paragraph, for these solids o, values may be extremely high.
The strong decrease in pressure inside the capillary when
slip takes place is a remarkable feature that should retain the
attention. Indeed an important drop of the absolute pressure
can logically cause the release of dissolved gases and ulti-
mately gives rise to liquid evaporation. Because of capillary
smallness the vaporization process will take place at the sur-
face without nucleation in bulk liquid.*' The development of
a gas layer at the boundary increases the slip because of its
lubricating role®®; in turn, the slip amplification causes more
pressure decrease according to Eq. 14 and more vapor will
be produced. This mechanism could eventually generate cav-
itation and cause profound disturbance of the hydrodynam-
ics. Mishra and Peles*** have studied cavitation of water
past micro-orifices and micro-venturis, they reported certain
deviations from the macroscale results and explained that
surface effects may be a probable cause. From the discussion
exposed in this paragraph, it follows that cavitation at micro-
scale may be initiated and maintained by the slip as the
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latter contributes to the pressure decrease in addition to iner-
tial effects related to velocity. The experiments of Mishra
and Peles probably involved hydrodynamic slip, which may
explain the deviations observed.

Another aspect to analyze concerns the vapor pressure in
the gap separating the liquid and the capillary. It is well
established! that the curvature of the (lv) surface creates a
difference between the liquid pressure P, and the vapor pres-
sure P,,, given by,

2
=—20N A7)

Pyp = P2 =~

On the other hand, the curvature causes an increase in vapor
tension P**" according to Kelvin relation,

PN 201, M1073
H<Psm) =R R.T (18)
0 P id

P3" is the saturation pressure for noncurved surface (R — 00),
M is the molar mass, and R4 is the ideal gas constant. In the gap
Pyp = P*" and P**' > P§* which signifies that the vaporization
process is facilitated by the curvature, this fact constitutes a
supplementary factor favoring vapor phase occurrence during
the flow particularly at submicrometric scale (to give an idea,
forR=0.5 x 10 %m, P““/Pf)at ~ 1 with most liquids and for R
=5 x 107 m, PS/PS = 1.24 with water and 2.16 with
decane). Combining Egs. 14 and 17, the pressure in the gap can
be related to the external driving pressure P,

2
Poap = Py —E(l + wa)ow (19)

Equation 19 shows that the pressure in the gap is the
consequence of the longitudinal (streamwise) pressure decrease
because of the slip and the radial pressure decrease due to the
curvature of the (Iv) surface. In writing Eq. 19, the gap dimension
is supposed negligible compared with capillary radius.

The previous discussion permits to notice that the hydro-
dynamic slip by itself highly favors the occurrence of an an-
nular gaseous space between the liquid and the wall. One
may conclude that for very thin capillaries, slip with a rare-
fied gas gap is the situation that will prevail. If the liquid
contains dissolved gases they will be liberated earlier at
more elevated values of P,,,. This is consistent with experi-
mental results showing that on the one hand the slip takes
place more easily in small size capillaries, Holt et al.'®
observed huge slip of water in carbon nanotubes, on the
other the presence of dissolved gases in the liquid facilitates
its occurrence.' If we assume that the gas gap existence at
the boundary is simply a vapor-liquid equilibrium problem,
Eqgs. 18 and 19 gives the conditions leading to its occur-
rence. A complete discussion about this aspect should take
into account pressure drop due to friction set aside here as
we have considered a reversible process (see Appendix B in
relation with the section entitled Pressure Drop in Viscous
Flow Involving Slip Irreversibility).

Reversible and Adiabatic (Isentropic) Flow

In this section, we consider the flow as adiabatic (Q = 0)
and reversible (¢ = 0) so that the overall entropy s, remains
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constant. Ignoring the mass of the solid and considering the
thermodynamic system as only composed of the liquid and
the surface, Eqs. 8 and 9 take the respective forms:

0
S;— i;a = cste (20)
o
0 1
h + {ab—Tg]a—ng—O—EVz:cste 21

These equations govern the process for which both T and P
vary. This set of two equations is nonlinear so it normally has
to be solved iteratively. For an incompressible liquid having a
heat capacity c,, we have hy = ¢, T + P/p and sy = ¢, In T.
Neglecting kinetic and potential energies and considering R,
> R, = R, the temperature 7, may be calculated from the
entropy balance Eq. 20,

c,InT, — {%a} — ¢, InT) 22)
2

where 00,/0T is a function of T5. For linear variations of g, =
a,(T) or for small temperature variations between the states 1
and 2, 00,/0T can be taken constant, thus resolving for T,
yields:

75} Bab
T, =T —— 23
-~ Te(=0) -
Generally, we have ‘Z—f% <<1 so that the following
approximation may be adopted:
Tz 2 Wa()'b
—~ |1 —— 24

This relation shows that for the general case where 00,/0T <
0, the slip causes a decrease in temperature and vice versa.
Values of T,/T; calculated for water (p = 999 kg m 3 c, =
4185 J kg~ ' K™') and for decane (p = 724 kg m™; ¢, = 2213
Jkg ' K™") are about 0.98 with R = 5 x 10~° m for a perfect
slip (w = 1). That is, in the extreme case, the temperature
changes from 293.15 K to about 287 K. This result shows that,
at least with usual fluids and low-energy surfaces, the
temperature variation in the adiabatic process is not sig-
nificant. In addition, the mass of the solid ignored in this
analysis acts as a heat reservoir and further mitigates the
temperature variation.
The pressure difference may be calculated from Eq. 21,

a;} a — pey(T, = T))  (25)

do
P2 —P1 = —p |:O'b(T2) —Tg—

using Eq. 24 and noting that for a constant 0a,/0T, the internal
energy u, is constant,

0o da
Gb(Tz) —Tza—;: Gb(Tl) —Tla—; (26)
finally,
APJ = —Z%Gb(Tl) (27)
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a relation similar to Eq. 14, which shows that the temperature
change (negligible or not) in an adiabatic slip flow does not
affect the pressure difference; the process behaves as if it was
performed at constant temperature 7. As a conclusion, accord-
ing to the comments done about Eqgs. 24 and 27, a slip flow is
rather isothermal unless heated or cooled from the outside.

On the Irreversibility of Slip and Geometric
Changes

Slip development and variation in magnitude and mode
according to the boundary type is a thermodynamic process
that modifies the energy and the entropy of the thermody-
namic system consisting of the liquid and the surface. The
question that arises is how this kind of process may become ir-
reversible, in other words what are the circumstances that may
compromise the thermodynamic reversibility of a slip flow
and what are the consequences. As we are considering an
unfamiliar process, in an attempt to develop a coherent analy-
sis both formal and qualitative aspects will be combined. For-
mally, for an irreversible process, the entropy production ¢ is
strictly positive in Eq. 9. Doing the same as was done for the
reversible isothermal flow and resolving for AP, we obtain:

— _Pay2_ _oa(Ye) -
AP = > AV= — pgAz — 2A (R ob> Tpe (28)
or,
AP = APy + AP. + AP, + AP? (28"

the heat Q transferred is derived from the entropy balance
equation; for an uncompressible fluid,

2 dopw
=—-TA|—=| —T¢ 29
0= -2ra(Gpy) o 9)
AP? = —Tpe is the irreversible pressure drop related to the

entropy generation and —T¢ the corresponding heat rejected.
AP? is always negative, whereas AP, APy, and AP. are
reversible pressure variations, positive or negative.

In this section, we shall again consider the flow as nonvis-
cous and the possible entropy generation is then only caused
by transformations involving variation of slip. The possible
irreversible behavior of the slip under certain conditions is a
remarkable aspect to analyze as it will result in a particular
contribution to pressure drop AP® = AP“ unknown at macro-
scale.

In the previous sections, the thermodynamic reversibility
was assumed to derive Eq. 13. To further analyze, the re-
versibility in the presence of slip, we consider the differen-
tial form of Eq. 13,

dP4(x) = —204d (%) (30)

where x is the longitudinal coordinate (streamwise). Eq. 30
establishes a relation between the geometrical parameter R(x)
and the capillary pressure P,(x) and the slip rate w(x) for an
equilibrated process. This also means that to promote
thermodynamic reversibility in a slip flow, the process should
be performed so that Eq. 30 holds all along the capillary. For
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Figure 5. Qualitative variation of pressure and slip rate
for a reversible flow in a uniform (a) and a
convergent-divergent capillary (b).

example in the case of a uniform capillary of constant radius
R, the flow is reversible when AP,(x) is actually proportional
to Aw(x) according to the relation dP,(x)/dw(x) = —20,/R.
Figure 5a represents such a case: w(x) is assumed linear and
this imposes that P (x) should also be linear. Conversely if
w(x) and P,(x) are known or chosen functions, the capillary
should have the appropriate shape R(x) given by the
integration of Eq. 30 to insure an equilibrated slip evolution.
As exposed in the second section, slip occurrence and
development involves displacement of molecules from the
bulk liquid to the boundary and vice versa when it diminishes.
As a general rule, one could assert that the reversibility is
conditioned by orderly and to a certain degree, slow molecules
transfer. Slow rate of molecules transfer signifies a progressive
and equilibrated change in slip. Experimental observations
reported that the slip increases when the radius is reduced, so
in practice the speed at which the slip develops may be
controlled by controlling the radius variation streamwise, and
a convergent tube is the convenient shape for a progressive and
equilibrated slip development; a divergent tube for the
opposite process. The case of a reversible slip flow in a
cylindrical capillary discussed above is rather hypothetical as a
constant cross section would not be compatible with an
equilibrated slip variation especially at the entrance and exit
zones. Figure 5b illustrates schematically the convergent-
divergent shape convenient to perform a reversible slip
development and disappearance; the pressure difference
between the capillary ends is therefore zero.

Figure 6 describes two situations that may cause slip irre-
versibility and the qualitative variations of P and w. In Fig-
ure 6a, because of an abrupt increase in cross-sectional area
the fluid undergoes a nonequilibrated transition from slip to
no-slip state. The slipping molecules at the boundary return
at once and disorderly to bulk liquid, and this brutal change
in state will in principle lead to thermodynamic losses in
form of an irreversible pressure drop AP! = P, — (P2)er
were P, is the actual exit pressure and (P),., the ideal (re-
versible) pressure, (P3),., = P; + AP,. This situation is
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Figure 6. Irreversible slip transition following a sudden
disappearance (a) or development (b) of the

solid-liquid interface resulting in an irreversi-
ble pressure drop AP..

similar to that known with bubbles collapsing in liquids; in
this case the liquid—vapor surface vanishes also in a brutal
manner and the free energy o, is destroyed into heat. Figure
6b shows the inverse process, a situation that may occur at
the capillary entrance. The irreversible transition from no-
slip to slip state results as well in a pressure drop AP¢. To
characterize such irreversible processes one may define a
thermodynamic efficiency # as follows,

P -P
n= AP, for AP, >0 (€20
and
AP
= ?_ for AP,<0 32
n= g for AP, < (32)

the irreversible pressure drops related to slip transition are thus,

AP: = —(1 — n)AP, for AP, >0 (33)
and
_ 1
AP — (Z - 1) AP, for AP, <0 (34)
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Irreversible processes related to slip variation might also take
place inside the capillary if for any reason slip evolution is not
equilibrated. In summary, one may conclude that slip as a
thermodynamic process may be irreversible and hence could
cause a pressure drop. This effect is quite probable as
thermodynamic transformations in general have a natural
tendency to occur irreversibly. To avoid (or to reduce) this
effect, certain precautions should be taken as discussed above.

Pressure Drop in Viscous Flow Involving Slip
Irreversibility

In this paragraph, we shall consider the typical situation
encountered in the pressure drop method used to investigate
hydrodynamic slip. A liquid is forced to flow in a uniform
(constant diameter) capillary, the quantities directly meas-
ured are the flow rate v and the irreversible pressure drop
AP? between the two ends. The key problem in this method
is to know exhaustively all the factors contributing to the
total pressure drop and to have the corresponding models. In
macroscopic and incompressible flows, viscous dissipation is
practically the unique factor that causes pressure loss. In
small capillaries, many researchers admit the existence of
other factors even not well identified. Electro-viscous
effect***> may contribute to increase the pressure drop if the
liquid contains ions or is polar, but Janssens-Maenhout and
Schulenberg44 have shown that this effect alone cannot
explain the unexpected elevated pressure drop observed for
example in the work of Hasegawa et al.’ As analyzed in the
previous section, slip variations taking place irreversibly
may cause additional pressure drop > AP:. Considering the
fluid pure and nonpolar to ignore electro-viscous effects, the
total pressure drop is then,

AP = AP, + ) " AP (35)

AP, is the pressure drop related to viscosity p; for a uniform
capillary of length L, its expression is given by Poiseuille
relation corrected for slip (see Appendix A),

AP, = —8uLV(1 —w)/R* = (1 — w)AP g (36)

where AP, = —S,uLV/R2 is the pressure drop for the flow
without slip. Entrance and exit viscous losses may be
neglected in general if L > R. Figure 7 illustrates the pressure
variation in a slip flow of a viscous fluid, for the sake of
simplicity, irreversible slip is supposed only caused at the exit.
Even if we are not concerned with roughness problems, we
mention briefly the related findings. Unlike macroscale flows,
at small scale roughness may affect noticeably the flow
resistance even in laminar regime by increasing the friction
coefficient and the pressure drop.g’10 The hypothesis of
turbulent flow regime occurrence at lower Reynolds numbers
is also advocated.®” On the other hand, surfaces with specially
designed roughness2 can show strong apparent hydrophobicity
and facilitate slip occurrence.

The slip is intimately linked to the parietal friction at the
boundary, the latter controlling both slip occurrence and
rnagnitude.“(”47 Wall-friction may be modeled so as to intro-
duce a friction coefficient***’ f giving a friction stress fV;
the later constitutes the reaction to the viscous shear stress
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Figure 7. Pressure drop analysis in a cylindrical capil-
lary.
The convergent shape at the entrance insures a reversible
slip development. Inside the capillary the pressure decreases

linearly due to viscosity. Abrupt change in cross-sectional
area at the outlet causes a slip-transition pressure drop AP%.

w(dV,/dr)g exerted by the fluid. Algebraically this may be
written as u(dV,/dr)g + fV, = 0. From Eq. 1 one gets f = 1/
I, and from Eq. A7, the slip length /; can be expressed as a
function of w, as [, = Rw/4(1 — w) so that finally:

£ = 4u(1 = w)/(R) (37)

Relation (37) shows that the friction coefficient is infinite in
the absence of slip (w = 0) and vanishes in the case of perfect
slip (w = 1).

In most experimental works, the measures are analyzed by
supposing the pressure drop only caused by viscous dissipa-
tion, that is AP® = AP,. In doing so, AP, may be overesti-
mated if in the real facts the measured pressure drop results
in part from other effects. This hypothesis finally leads to
underestimate the slip magnitude (negative values of slip
lengths were found in certain cases attributed generally to
measurement errors). In addition to irreversible slip transi-
tion, cavitation may constitute another factor that may
increase significantly the total pressure drop. As shown in
the previous sections, because slip development can strongly
lower the pressure, the fluid may easily shift to a two-phase
flow regime (this effect is not included in Eq. 35 because we
are considering a single-phase flow and the gas gap thick-

ness is small). A slip flow is attractive, inasmuch as it leads
to a reduction in the pressure drop if IAP*I<IAP ,l. Accord-
ing to Egs. 35 and 36, this is equivalent to:

w|AP,o| > > AP (38)

This result brings to the foreground that pressure drop
reduction by hydrodynamic slip is not achievable in all cases
but subject to a condition like expression (38). This also means
that pressure drop reduction does not constitute a criterion to
demonstrate experimentally the existence of slip. Indeed a
more elevated pressure drop compared to nonslip flow could
paradoxically be explained by slip occurrence. Table 3
summarizes the conditions under which some experimental
works were conducted and the values of slip lengths
reported. The slip rate w and the depression AP, caused inside
the capillary are calculated using Eqs. A7 and 14, respectively.
For rectangular channels, 48 Egs. C4 and C6 are used.
Values of AP, gives some idea of the magnitude of AP% and
by comparing to the measured pressure drop AP° one may
judge if ignoring AP is acceptable or might lead to a strong
underestimation of the slip. Exact values of AP! cannot be
calculated because there is no means to quantify the slip
reversibility from the data. On the other hand, elevated values
of AP, may indicate if cavitation is likely to occur. In the
work of Churaev et al.,7 AP, is small compared with AP? and
L/R values are large so that AP® is practically dominated by
viscous dissipation while entrance and exit effects (including
the possible slip irreversibility) may be ignored; the reported /
are then likely to be close to the actual values. Similar
comments may be done about Ulmanella and Ho’s* experi-
ments. Pfahler et al.® observed that AP® was significantly
greater than predicted with classical theory (corresponding to
AP ). Although no information about slip was given, the
calculated value of AP, (considering a maximum slip, w = 1)
shows that slip irreversibility may affect significantly the total
pressure drop and this could explain the unexpected behavior
reported by the authors. Regarding Cheng and Giordano’s*®
experiments, the slip causes a strong depression that highly
exceeds the measured pressure drop. Because the liquid exits
at atmospheric pressure according to the information given in

Table 3. Published Results of Experiments Involving Capillary Flows

RorH
Authors Liquid/Solid (um)  L/R or LIH I, (um) AP? (Pa) wk AP,T (Pa)
Churaev et al.’” Water/quartz 0.88 65,000 30 x 10° —-30 x 10° 0.12 —0.20 x 10°
Mercury/quartz 1.00 97,600 70 x 10° —50 x 10° 0.22 —2.11 x 10°
Ulmanella and Ho* Isopropanol/silicon 1.37* >1000 30 x 1072 —20 x 10° 0.12 —0.03 x 10°
Hexadecane/silicon 0.35" >1000 120 x 10°° —20 x 10° 0.67 —1.03 x 10°
Pfahler et al.® Propanol/silicon 0.79* / / —1.4 x 10° to —4 x 10° / —0.59 x 10°*
Cheng and Giordano*®  Hexadecane/photoresist ~ 0.05* >2000 25 x 10 —12 % 10° 0.75 —8.10 x 10°
Holt et al.'® Water/polycarbonate 0.008 750 5% 1077 / 0.63  —113.4 x 10°
Cheikh and Koper'? Water + surfactant/ 0.05 200 20 x 1072 —1.5 % 10° 062 > —17.8 x 10°
polycarbonate
Hasegawa et al.'® Water/Harver 4.4 228 / —0.06 x 10° to —0.18 x 10°  / —0.33 x 10°*

Slip lengths [, are inferred by considering the measured (total) pressure drop AP® only caused by viscous dissipation. In general, AP® may include others effects

like irreversible slip variation and cavitation (see comments in the text).
*Calculated from Eqs. A7 and C4.

"Based on o, Eqs. 14 and C6.

Channel height H (~ hydraulic radius Ry, see Appendix C).
*Maximum value (w = 1).
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that paper, the driving pressure is about 2.2 x 10° Pa; the
value of AP, shows that the occurrence of a vapor phase and
even cavitation are highly probable. Thus, modeling AP?
simply as the pressure drop of a liquid phase may be
questionable. As discussed earlier, adopting such hypothesis
may result in an overestimation of AP, and the calculated /; is
probably lower that the actual value. The same remarks could
be done regarding the investigation of Holt et al.'® and Cheikh
and Koper,12 who considered membranes of nanometric pore
size. The work of Hasegawa et al.' concerns orifices, the
authors measured a pressure drop 3 times greater than
predicted with classical hydrodynamics, noting that due to
small value of L/R entrance and exit effects are dominant.
Considering the conditions under which Hasegawa et al.
performed their experiments, the results probably involve slip
irreversibility effects. The authors dismissed the slip as a
possible cause invoking the general opinion according to
which it rather reduces the pressure drop.*’ As analyzed
above, this is not always true because slip irreversibility and
slip cavitation when occurring may have an opposite effect.

Conclusions

The matter presented in this work is a contribution to the
application of thermodynamics fundamentals to capillary
flows showing hydrodynamic slip at the boundary. The ther-
modynamic approach reveals valuable information concern-
ing the general behavior of such a system. The study of dif-
ferent types of capillary flows was undertaken with the possi-
bility to derive heat-transfer, pressure, and temperature
change during the flow. An extended form of Bernoulli’s
equation including slip effects has been derived permitting a
simple comparison with conventional flows. Capillary effects
are involved because in the presence of slip there is a transfer
of molecules from the boundary to the bulk and vice versa.
This process is a thermodynamic transformation that may
present an irreversible character. Slip development in a capil-
lary increases the specific area of interface and thus leads to
a decrease in pressure. This effect may cause degassing of
dissolved gases, vaporization, and ultimately cavitation. The
analysis presented shows that slip does reduce viscous dissi-
pation but at the same time may cause additional pressure
drop if the slip is irreversible and if cavitation takes place
inside the capillary. The results derived in this work result
from a theoretical analysis leaning on thermodynamics; some
published experimental results based on the pressure drop
method were commented from the point of view considered
in this work. To confirm in a more evident manner the effects
described, there is a need for experimental investigations spe-
cifically dedicated to this goal. The subject of these experi-
ments could be the measurement of the pressure distribution
inside a capillary or a channel to observe the depression
caused by the slip and to infer its magnitude, the detection of
cavitation inside the capillary, the study of the slip reversibil-
ity as a function of the capillary shape.
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Notation
A = surface area (m?)
a = specific surface area (m* kg™ ")
¢, = heat capacity (J kg~ K1)
D = channel width (m)
e., e, = specific kinetic, potential energy (J kg™ h
f = parietal friction coefficient (Pa s m Y
g = gravity acceleration (m s %)
H = channel height (m)
h = enthalpy per kg or m*> J kg~!, I m?)
Iy = slip length (m)
L = length of capillary or channel (m)
m = mass flow rate (kg s7h
M = molar mass (g mol ")
P = pressure (Pa)
0O, O = heat per kg, heat-transfer rate (J kgfl, W)
r = radial coordinate (m)
R = capillary radius (m)
Riq = ideal gas constant (8.314 J mol ' K71
s = entropy per kg or m? (J kg’1 K'LIm?K")
T = temperature (K)
t = time (s)
u = internal energy per kg or m* (J kg—', I m~?)
v = specific volume (m” kg™ ')
v = volume flow rate (m> s~}
V = velocity (m s ")
w = slip rate
W= power (W)

x = longitudinal coordinate (m)
z = elevation (m)

Greek letters

&,¢ = entropy generation (J kg" KWK
1 = dynamic viscosity (Pa s)

n = thermodynamic efficiency

p = density (kg m?)

o = surface tension (J m~2)

0 = contact angle (rad)

Superscripts

saturation state
related to an irreversible process

sat
&

Subscripts

b = boundary
¢ = related to the cross section
g = overall thermodynamic property
H = hydraulic (radius)
liquid
r = quantity function of radius
s = related to slip
V = related to flow velocity
Z = related to elevation
liquid—vapor surface
solid-liquid interface
sv = solid—vapor interface
gap = gas or vapor gap
for noncurved surface or conditions at r = 0
related to viscous dissipation
= related to surface effects

: —
I
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Appendix A: Laminar Slip Flow in a Cylindrical
Duct

The flow of a liquid in a cylindrical duct is governed by

1-D Navier-Stokes equation, the later expresses the equilib-
rium of a section of fluid of length L and radius r:

Pressure forces (P} — Pz)nr2

-+ Viscous shear forces ,u%Zm‘L =0 (Al)

The integration of relation (Al) allows to determine the ve-
locity profile and to derive the expression relating the
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pressure drop caused by viscosity AP, = —(P; — P») to the
flow parameters. The pressure drop AP, is a result of all
friction forces acting between r = 0 and r = R (including
the two limits). Therefore, in presence of slip, wall-friction
force w(dV,/dr)g2nRL contribution to the pressure drop is
naturally included in AP, expression that will be derived.
Letting ¢ = —AP,/(4pL) and having the condition V,(r = 0)
= V), the integration of relation (A1) gives,

V, =V, —cr? (A2)

having also V.(r = R) = V,, Eq. A2 gives Vo, =V, + cR?,
and substituting in Eq. A2,

V,=Vi+c(R*—1?) (A3)
The slip length is defined by Eq. 1 so,

Vs
s = — A4
. 2cR (&4

The average speed defined as the ratio of the volumetric
flow rate to the cross section area is,

R
f V,.2nrdr
0

1 2

The volume flow rate is v = (V + 1/2¢cR*)nR>.
Substituting ¢ by its expression in Eq. A5 and resolving
for AP

o

AP, = —8uL(V — Vi) /R? (A6)

the slip rate w = V/V may be expressed as a function of the
ratio /(/R; from Eqs. A4 and A5,

Is/R
= A7
Y TLR+1/4 (A7)
All the relations written above are valid for the nonslip case

by setting V; = 0 or w = 0. The flow rate with non-slip con-
dition is vy = (1/2cR*nR?, therefore

v I 1
— =144 A8
\}0 + R 1—w ( )

Appendix B: Occurrence of Saturation State at
the Boundary

In the Reversible and Isothermal Flow section, a discus-
sion about saturation state occurrence at the interface was
addressed for nonviscous flow. The discussion is completed
in this appendix by considering the more realistic case of a
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viscous fluid. Supposing that slip develops reversibly at the
capillary entrance, we write in general,

P, — P, = AP, + AP, (B1)

Taking into account Eq. 17, Eq. B1 becomes:

2O'Iv

R
By setting P,,, = P¥(T,R) given by Eq. 18, relation (B2)
allows calculating the length L**' at which the saturation
pressure at the boundary is reached,

Pap =P — —"(1+w) —8uLV(1 — w)/R* (B2)

R(Pl _Psat) — 2()'1V(1 +W)

L = B3

8V (1 —w)/R (B3)

The driving pressure P; may be expressed as a function of
the total pressure drop between the two ends P, = P; —

AP?, where P; is the exit pressure generally equal to atmos-
pheric pressure. If the flow is completely free from slip irre-
versibility and cavitation, one may write AP = AP, =
—8uLV(1 — w)/R?. The slip rate w is rather an average value
here because slip conditions may locally change. Substituting
into Eq. B3, we finally obtain

LSaI 2 v
- P3—P“‘t—%(ww)}/wa (B4)

Appendix C: Relations for Slip Flow in a Channel
of Rectangular Cross Section

The channel has a height H, a width D, and a length L,
generally D > H so as the flow may be modeled as one-
dimensional flow between two infinite plates.l’“’48 The fol-
lowing relations may be derived, the slip length is,

j— VS
 2cH

Iy (ChH

where ¢ = —AP,/(4ulL), the mean flow velocity is given by,

1
V=V,+ ch2 (C2)

the viscous pressure drop is then,

AP, = —12uL(V — V) /H? (C3)
From Egs. C1 and C2, the slip rate w expression is,

Is/H

YT LJH 16

(C4)

the flow rate is v = (V, + CH2/3)HD, in the absence of slip
(Vs = 0) v = HDcH’/3 so,

_ (C5)

Y l
Y 1+6
1—w

=
Vo H

With the assumption D >> H, the hydraulic radius is practi-
cally equal to the channel height: R;; = 2HD/2(H + D) ~
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H. The specific area of slip is then a = 2w/(pRy;) ~ 2w/(pH)
and the capillary pressure of slip,

2
AP, ~ — ﬁw ov(T) (C6)

Unlike in small size circular capillaries, the boundary with rec-
tangular channels is not curved, so the pressure in the gas gap,
when it exists, is equal to that in the liquid (P,,, = P>) and the
vapor tension of the fluid is not increased (P, = P§").

Py — P, =P — P, = AP, + AP, (C7)

the length at which the saturation state is reached is then,

H(P; — P§") — 2way,
12puv(1 —w)/H

L = (C8)

The friction coefficient f like for circular capillaries is
related to viscosity and slip length by the relation f = /i
and from Eq. C4 [, = Hw/6(1 — w) so,

_6u(l —w)
f= ToH (C9)
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